We propose a new lower bound for pricing European-style swaptions for a wide class of interest rate models. This method is applicable whenever the joint characteristic function of the state variables is either known in closed form or can be obtained numerically via some efficient procedure. Our lower bound involves the computation of a one dimensional Fourier transform independently of the underlying swap length. Finally the bound can be used as a control variate to reduce the confidence interval in the Monte Carlo simulation. We test our bound on different affine models, also allowing for jumps. The lower bound is found to be accurate and computationally efficient.
Introduction
Libor based derivatives (swaps, caps, swaptions) are the most liquid derivatives traded in financial markets. In particular a European swaption is a contract that gives the right to its owner to enter into an underlying interest rate swap, i.e it is an European option on a swap rate. It can be equivalently interpreted as an option on a portfolio of zero coupon bonds. Let t be the current date, T be the option expiration date, T 1 , ..., T n be the underlying swap payment dates (by construction t < T < T 1 < ... < T n ) and R the fixed rate of the swap. The payoff of a receiver swaption is payof f = n h=1 w h P (T, T h ) − 1 + , where w h = R · (T h − T h−1 ) for h = 1, .., n − 1 and w n = R · (T n − T n−1 ) + 1, P (T, T h ) is the price at time T of a zero coupon bond expiring at time T h . The no-arbitrage fair price at time t is the discounted risk neutral expected value of the payoff C(t, T, {T h } n h=1 , R) = E t where r(X(s)) is the short rate at time s, and X(s) denotes the state vector at time s of a multi-factor stochastic model. Due to their importance and popularity, swaption market quotations are often used for calibration of interest rate models. However calibration procedure involves the pricing of a large number of swaptions (different option maturity, swap tenors and strikes), so the availability of an efficient pricing algorithm is required. Moreover Basel III accords introduced the Credit Value Adjustment (CVA) charge for over the counter contracts.
1 It is interesting to note that for the most simple and popular kind of interest rate derivative, i.e. interest rate swap, the (unilateral) C.V.A. can be estimated as a portfolio of forward start European swaptions.
2
Since a closed-form formula of swaption price does not exist for many popular interest rate models, then several approximated pricing method have been developed in literature specially for affine interest rate models. The most important are those of Munk (1999) , Collin- Dufresne and Goldstein (2002) , Singleton and Umantsev (2002) and Schrager and Pelsser (2006) . Munk approximates the price of an option on a coupon bond by a multiple of the price of an option on a zero-coupon bond with time to maturity equal to the stochastic duration of the coupon bond. This method is fast but not very accurate for out of the money options. The method of Collin-Dufresne and Goldstein is based on a Edgeworth expansion of the density of the swap rate and requires the calculation of the moments of the coupon bond. This procedure can be very time consuming. Singleton and Umantsev (2002) introduce the idea of approximating the exercise region in the space of the state variables. This method has the advantage of producing precise results for a wide range of strikes (in particular for out of the money swaptions); however, it does not admit a simple extension to general affine interest rate models, because it requires the knowledge in closed form of the joint probability density function of the state variables. Moreover the Singleton and Umantsev method requires the calculus of as many Fourier inversion as the number of payment dates of the underlying swap contract. Hence the run time algorithm increases with the swap length.
1 CVA of a contract price C(t) is the risk neutral expectation of the loss
where LGD is the Loss Given Default and P D (t) is the default probability in the interval (t, t + dt). Risk adjusted price is: C(t) − CV A(t).
2 C.V.A. of an interest rate swap with payment dates T 1 , ..., Tn and fixed rate R, can be approximated by the following portfolio of swaptions:
. Similarly to Singleton and Umantsev (2002) , we propose a lower bound which is based on an approximation of the exercise region via an event set defined through a function of the model factors
where X is the vector of the model factors, Ω is the state space and g is a suitably chosen function approximating the exercise boundary. Our pricing formula consists in the valuation of the option on the approximate exercise region and requires a single Fourier transform, performed with respect to the parameter k in formula 1.2. The approximation we propose has several advantages. First of all it is a lower bound, so the direction of the error is known a priori, further it is very general as it can be applied to a wide class of models, provided that the characteristic function of the state variates is known (explicitly or numerically). It involves the computation of only one Fourier inversion, independently of the number of cash flows of the underlying swap. Finally, it can be used as a control variate to improve the accuracy of the Monte Carlo simulation method. The paper is organized as follows. Section 2 introduces a general formula for lower bound on swaption prices, based on an approximation of the exercise region. Then we apply the general lower bound formula to the case of affine interest rate models and we find an efficient algorithm to calculate analytically the approximated swaption price. Section 3 describes the approximate exercise set defined by the logarithm of the ZCBs portfolio geometric mean. Section 4 shows the results of numerical tests. Conclusive remarks are presented in last section.
A Lower Bound on swaption prices
In this section, we derive a general formula for lower bound on swaption prices. The price formula (1.1), once a change of measure to the T-forward measure is used, becomes
where I is the indicator function and A is the exercise region seen as a subset of the space events Ω A = {ω ∈ Ω :
Indeed, we observe that for any event set G ⊂ Ω
Then by discounting we obtain
i.e. LB(G) is a lower bound to the swaption price for all possible sets G.
Affine models
For affine interest rate models the price at T of a zero coupon bond with expiration date T h can be written as the exponential of a linear combination of the state variables
where a h = A(T h − T ) and b h = B(T h − T ) are functions of the payment date T h and are typical of each model. We know from Duffie and Kan (1996) and Duffie, Pan and Singleton (2000) that under certain regularity conditions, the functions A(τ ) and B(τ ) are the solution of a system of d + 1 ordinary differential equations that are completely determined by the specification of the risk-neutral dynamics of the short rate. These equations can be solved through numerical integration starting from the initial conditions A(0) = 0, B(0) = 0 and the solutions are known in closed form for most common models. Moreover from Duffie, Pan and Singleton (2000) , we know that for affine models the risk neutral expected value of an exponential payoff has the form
where X and λ are in R d and the functionsÃ(τ, T − s, λ) andB(τ, T − s, λ) are solutions of the same ODE system of the zero coupon bond case, but with different initial conditions (Ã(0, T −s, λ) = A(T −s) andB(0, T − s, λ) = iλ + B(T − s)). Then the T-forward characteristic function of the model factors X can be obtained by
Since we are interested in the case s = T (forward measure at expiry date of the option), then we define the function
We define the set G using a linear function of the state variates
where β is a constant vector of length d, α ∈ R and k is a free parameter. k can be chosen such that it optimizes the value of the lower bound. Proposition 1. The lower bound to the European swaption price, for affine interest rate models, is given by the following formula
where δ is a positive constant.
Proof: See Appendix (A.1).
The geometric average approximate exercise region
The approximate exercise set is defined through the logarithm of the geometric average of the portfolio of zero coupon bonds
In particular G and g(X) are given by
where
w h a h . Since we don't know the optimum value of the parameter k, then the pricing method requires the maximization of the lower bound, LB(k; t, T, {T h } n h=1 , R), seen as a function of k. The optimization can be accelerated looking for a good starting point. We suggest the following
According to this choice Gk = {ω ∈ Ω : g(X(T )) ≥k} is the greatest possible subset of the true exercise region, A.
In fact normalizing the weights, the expression of the true exercise region can be rewritten as
where A(X) is the arithmetic mean of the ZCBs portfolio,w h = w h n h=1 w h and so n h=1w h = 1. By the arithmetic-geometric inequality we know that A(X) ≥ G(X) ∀X, then ∀k >k
Instead if k <k then it is no more guaranteed that G k is a subset of the true exercise region.
Models and Numerical results
This section presents the examined models and discuss the numerical results.
Affine Gaussian models
Affine Gaussian models assign the following stochastic differential equation (S.D.E.) to the state variable X
The short rate is obtained as a linear combination of the state vector X; it is always possible to rescale the components X i (t) and assume that
without loss of generality (φ ∈ R). The T-forward characteristic function of X is
where µ is the T-forward expected value and V is the covariance matrix (assuming K is diagonal):
where g = [1, 1, 1, ..., 1] is a column vector of length d.
For this type of process, the lower bound can be calculated analytically
2 dy is the cumulative distribution function of a standard normal. See details in Appendix (A.2).
Multi-factor Cox-Ingersoll-Ross (CIR) model
The state vector of the model evolves according to the following system of SDE
are independent standard Brownian motions, a i , θ i and σ i are positive constants. The short rate is obtained by
where φ ∈ R. Using the results in Collin- Dufresne and Goldstein (2002) , we can calculate the zero coupon bond price and the T-forward characteristic function. In particular we deduce the functions
, where h j = a 2 j + 2σ 2 j and µ
Gaussian model with double Exponential Jumps
The vector of model factors evolves according to the following S.D.E.
triangular matrix and Z ± are pure jumps processes whose jumps have fixed probability distribution ν on R d and constant intensity µ ± . The short rate is obtained as a linear combination of the state vector X. In particular Z ± are compound Poisson processes with jump size having exponential distribution
where l = 1, ..., d is the factor index, N ± (t) are Poisson process with intensity 
Since µ ± do not depend on X, we know from Duffie, Pan and Singleton (2000) that: (a) the functions B(τ ) andB(τ, λ) in formula (2.4) are independent of jumps and they are calculated as in affine Gaussian model case; (b)the functions A(τ ) andÃ(τ, λ) in formula (2.4) are sum of two components, diffusive and jump:
. The diffusive part can be obtained as in affine Gaussian model case. Then we obtain that
where Φ D (λ) is the T-forward characteristic function of affine Gaussian model. The jumps component is calculated using the characteristic function of the jumps size distribution ν
where c ∈ C d and η
Balduzzi, Das, Foresi and Sundaram model
In the model proposed in Balduzzi, Das, Foresi and Sundaram (1996) , the interest rate follows the same stochastic process as in CIR model, but the long-mean θ(t) and the variance V (t) are stochastic, according to the following system of SDEs
k, α, β, η, a, b and φ are positive constants and ρ ∈ [−1, 1]. In order to align the notation with previous sections we denote X(t) = [r(t), θ(t), V (t)] . In this model the characteristic function of the state vector X can not be obtained in closed form 4 , but can be calculated numerically, solving the following system of ordinary differential equations
The functions A(τ ) and B(τ ) (i.e. the zero coupon bond price) can be obtained solving the previous system and setting λ = 0.
Numerical Results
Apart from the Vasicek model for which a simple closed form solution is available, Monte Carlo is used as benchmark for the computation of the true swaption price. The 97.5% mean-centered Monte Carlo Confidence Interval 5 is used as measure of the accuracy of the Monte Carlo method. Simulation of the affine 3-factor Gaussian and 2-factor CIR models is implemented by sampling from the exact distribution. The Gaussian with jumps model and the BDFS model are simulated using an Euler-Maruyama scheme with a time step of 0.0005. The number of simulations is chosen depending on the complexity of the model and it is specified in each table caption. Antithetic variates technique is also used for the affine 3-factor Gaussian model and the BDFS model. For the Vasicek model and the 3-factor Gaussian model, lower bound is obtained via the closed formula described in section (4.1). For the 2-factor CIR model and the Gaussian with jumps model, the integrals involved in the lower bound are evaluated by a Gauss-Kronrod quadrature rule, using Matlab's built-in function quadgk. For the BDFS model the system of ordinary differential equations is solved numerically using the Matlab function ode45 based on the Dormand-Prince method. Due to the complexity of the problem we adopt a Gauss-Legendre quadrature rule. The calculus of the lower bound with a geometric mean region G involves the optimization of the function LB(k; t, T, {T h } n h=1 , R) with respect to the parameter k. The optimization is performed via Matlab functions fminunc. Another important fact is that our lower bound formula is very suitable to be used as a control variate to reduce Monte Carlo error. The approximated formula is easy to implement in a Monte Carlo scheme and turns out to be very effective (see Caldana, Fusai, Gnoatto and Grasselli (2014) for details). Swaption prices for different tenor and maturities are reported in Tables (1-5 ) with the relative overall computing time for each pricing method. Moreover, Figures (1-5) compare graphically the relative error of the three proposed pricing methods.
Vasicek model, three-factors Gaussian model and Cox-Ingersoll and Ross model
We verify the accuracy of our new lower bound using models and parameter values already examined in literature 4 A semi-analytical solution for functionsÃ(τ, λ) andB 3 (τ, λ) is available but it requires the evaluation of Kummer's functions of the first and second kind. Kummer's functions are not analytic but have series and integral representation. However we find that the numerical solution of the ODE system is much more efficient than the evaluation of the semi analytical form.
5 Note that we use the quantile function of a Student's t distribution. 6 Schrager and Pelsser (2006) and Duffie and Singleton (1997) for the 2-factors C.I.R. model 7 diag(σ) means the diagonalization of the vector σ and chol(ρ) means the Cholesky decomposition of the correlation matrix ρ, where σ and ρ are the volatility vector and the correlation matrix, respectively, of the original paper. Numerical results for these models are shown in Tables 1, 2 and 3.
Two-factor Gaussian model with double exponential jumps
We test the affine Gaussian with Jumps interest rate model using the following parameter values Numerical results for this model are shown in table 4.
Balduzzi, Das, Foresi and Sundaram model
In order to prove the accuracy of our bounds for a wider class of models, we consider a stochastic volatility (and long run mean) model. We use the following parameter values, proposed in Balduzzi, Das, Foresi and Sundaram (1996) : k = 0.25, α = 0.76, β = 0.12, η = 0.02, a = 0.29, b = 0.0007, φ = 0.003 and ρ = -0.12.
Numerical results for this model are shown in Table 5 .
Conclusions
This paper provides a new lower bound method for pricing of swaptions that is accurate, fast and applicable to a wide range of interest rate models. Our algorithm is particularly efficient because it requires the computation of only one Fourier inversion. Existing approximations (for instance Singleton and Umantsev method) require a number of Fourier inversions equal to the number of payment dates of the underlying swap. An approximate exercise region defined by the log-geometric mean of the ZCBs portfolio is tried out for the first time for swaption pricing. From the numerical tests we find that the approximation is much faster than Monte Carlo method and it is also very accurate across different maturities, tenors and strikes. Numerical results are presented across a wide class of models, including model with jumps and stochastic volatility. For all these models our lower bound is applicable and it is accurate, instead the Singleton and Umantsev method is not applicable if the density function is not known in analytical form. Moreover the lower bound is very effective as control variate to reduce the computation time and the error of the Monte Carlo. Hence, our model could be very suitable also for calibration purposes. Table 2 : The three tables represent matrices of swaption prices at three different strikes for the 3-factors Gaussian model. The bottom line of each table provides the overall computation time for the different pricing methods. For each swaption we report the price in basis points estimated with the Monte Carlo method, MC, the Lower Bound approximation (LB) and the Monte Carlo method with the control variable technique, MC (CV). Monte Carlo prices without and with control variable method are estimated using 10 7 and respectively, 10 5 simulations, antithetic variates method and the exact probability distribution of the state variables at the maturity date of the swaption. Below each Monte Carlo price, the confidence interval at 97.5% is reported in basis point. Table 5 : The three tables represent matrices of swaption prices at three different strikes for the BDFS. The bottom line of each table provides the overall computation time for the different pricing methods. For each swaption we report the price in basis points estimated with the Monte Carlo method, MC, the Lower Bound approximation (LB) and the Monte Carlo method with the control variable technique, MC (CV). Monte Carlo (MC) price is estimated using 4 millions simulations, an Euler scheme with a time step equal to 0.0005 and the antithetic variates technique. Monte Carlo is also performed using 10 5 simulations and control variates method. Below each Monte Carlo price, the confidence interval at 97.5% is reported in basis point. A.2 Proof of the analytical lower bound for Gaussian affine models X ∼ N (µ, V ) in T-forward measure and g(X(T )) = β X + α ∼ N (β µ + α, β V β) Then the approximate exercise region G becomes: G = {ω ∈ Ω : g(X(T )) > k} = {ω ∈ Ω : z > d} where z is a standard normal random variable and
Vasicek model
The lower bound expression can be written using the law of iterative expectation:
w h e b h X(T )+a h − 1 |z I(z > d)
Conditionally to the random variable z, the variable X is distributed as a multivariate normal with mean and variance:
We can now compute the inner expectation, using the normal distribution property:
LB(k; t, T, {T h } n h=1 , R) = P (t, T ) To make faster the optimization of the lower bound with respect to the parameter k, we compute the first order approximation of maximum point as a starting point. Equation for stationary points:
w h e a h +b h µ+
Taylor first order expansion:
